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State Transition Matrices for Terminal Rendezvous Studies:
Brief Survey and New Example

Thomas E. Carter¤

Eastern Connecticut State University, Willimantic, Connecticut 06226-2295

A brief survey and classi� cation of much of the published material on linearized rendezvous is presented. This is
followed by a new form of solution of the terminal rendezvous problem that is valid in a general central force � eld.
This solution and the solution of the related adjoint system are used to construct a general state transition matrix.
Because of the generality of the assumptions, this state transition matrix is very concise and � exible. Finally, the
work is applied to the problem of terminal rendezvous near any Keplerian orbit in a Newtonian gravitational
� eld using the Tschauner–Hempel equations. Because this solution is presented in terms of the true anomaly,
considerable care is taken to avoid the types of singularities that are typical in this kind of problem. The result is
a state-transition matrix for linearized rendezvous studies that is thought to be simpler and more convenient than
other versions found in the literature.

I. Introduction

L INEARIZED equations of motion are useful in describing the
terminal rendezvous phase of a mission or in satellite station

keeping. These areas of astrodynamics are rich in the variety of
linearizations available to investigators and in the resulting mathe-
matical analysis and computations that follow. This paper presents
a brief survey of the types of linear models found in rendezvous
studies, followed by a new general model that incorporates much
previous work as special cases. The work combines some ideas in
19th century celestial mechanics with some recent discoveries. Be-
cause this new model assumes a general central force gravitational
� eld,much of the complexitiesfound in speci� c casesare avoidedin
designinga relativelysimplestate transitionmatrix that is applicable
to a variety of problems.

The work is then applied to the important special case of lin-
earized rendezvous in a gravitational � eld de� ned by an inverse
square law using the Tschauner–Hempel equations. In fact, it was
this problem that motivated the study. The search for a solution
devoid of singularities, valid for any Keplerian orbit, that avoids
universal functions can lead to a clutteredset of equations.The new
general model avoids much of this clutter and presents the results
in a relatively concise form.

II. Survey of Linearized Rendezvous
A. Early Work

Some of the mathematical principles of linearized rendezvous,
often called terminal rendezvous or proximity equations, go back
far into the literature of celestial mechanics. In the study of pertur-
bations caused by disturbing forces, variational equations are con-
sidered that describe the deviationsof a mass from a nominal orbit.
A good example can be found in Hill’s work.1 Also, in describing
the equations of the moon relative to the Earth, Hill’s equations2

contain a term ¹=r 3 that, if removed, results in linear equations
now commonly called the Clohessy–Wiltshire equations.

B. Classi� cation of Linearized Rendezvous Studies
The literature contains many linearizedmodels used for terminal

rendezvousstudies. These can be classi� ed in various ways. 1) The
linearized equations can be presented in an inertial frame, or, as is
more common, in a rotating frame. The axes of the rotating frame

Presented as Papers 97-185 and 97-186 at the AAS/AIAA Space Flight
Mechanics Meeting, Huntsville, AL, Feb. 10–12, 1997; received Feb. 25,
1997; revision received Aug. 1, 1997; accepted for publication Aug. 12,
1997. Copyright c° 1997 by the American Institute of Aeronautics and
Astronautics, Inc. All rights reserved.

¤Professor, Department of Mathematics and Computer Science. E-mail:
cartert@ecsuc.ctstateu.edu. Member AIAA.

may or may not be orthogonal.2) The processmay involve lineariz-
ing the gravitational force function resulting in a gravity gradient,
with the equations described in either rectangular or polar coordi-
nates, or the linearization can be performed with respect to various
types of parameters associated with an orbit such as Lagrange’s or-
bital elements. 3) Finally, the studies may be classi� ed according
to the type of nominal orbit under consideration. In most studies
the nominal orbit is circular or near circular, although studies in-
volving high-eccentricityelliptic orbits can be found. Use of other
Keplerianorbits is rare. The most extensiveuse of linearizedstudies
about points in non-Keplerian orbits can be found in the linearized
equationsof motion with respect to a librationpoint in the restricted
three-body problem. Figure 1 contains an outline of ways of classi-
fying the studies represented in this brief survey. The survey is not
intended to be exhaustive or uniform.

C. Linearization of Gravitation in Inertial Frame
The most direct approach to linearized equations of motion is to

linearize the gravitational force function in an inertial coordinate
frame. This is found in Battin’s3 early book and applied to recursive
navigation theory. In his later book he presents this work in a more
general framework.4 This model was used by Lion5 and Lion and
Handelsman6 in their development of the properties of the primer
vector.

D. Circular Orbits
Studies of rendezvous or transfer near a circular orbit appear to

be the most numerous in the literature.Although Edelbaum’s paper7

in 1967 uses linearization with respect to the orbital elements and
Jones’ rendezvous study8 uses this same model, the vast major-
ity of these studies utilize the Clohessy–Wiltshire equations.These
equations and various analyses of their solution by Wheelon9 and
Clohessy and Wiltshire10 appeared in the summer of 1959. They
could be found in journal articles by Clohessy and Wiltshire,11

Geyling,12 Spradlin,13 and Eggleston14 in 1960. London,15 in 1963,
and Anthony and Sasaki,16 in 1965, extended the work to second
order. The Clohessy–Wiltshire equations were used by Tschauner
and Hempel17 to study bounded-thrustmaneuvers, by Gobetz18 to
study power-limited maneuvers, and by Prussing,19;20 Jezewski and
Donaldson,21 and Jezewski22 for impulsivemaneuvers.Relativemo-
tion studies by Berreen and Crisp,23 Carter,24 and Neff and Fowler25

emphasized the geometric shape of solutions to the equations.Later
these equations were used extensively by various researchers26¡38

as a simple model to explore and investigateideas or to use as a spe-
ci� c example illustrating a more general result, and they continue
to be useful in this respect. Derivation of the Clohessy–Wiltshire
equations from more general linearized equations, along with ap-
plications to terminal rendezvous maneuvers, can now be found in
books on orbital mechanics.39;40
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Fig. 1 Ways of classifying linearized rendezvous studies found in the literature.

E. Elliptic and General Keplerian Orbits
Linearized models have been used extensively for noncircular

Keplerianorbits althoughnearly all of this work applies to elliptical
orbits.

1. Polar Coordinates
In 1963, Stern41 linearized the gravitational force function using

polar coordinates. These equations were later used by Jones42 but
apparently are not found much in the published literature.

2. Parametric Linearization
Work on parametric linearization is found extensively.Although

most of this uses some form of orbital elements, there are also many
examples43¡49 in which initial positionand velocityvectors are used
as parameters. An early example of this approach is found in the
work of Pines43 in 1961. In 1965,Goodyear44 modi� ed his approach
through the use of universal functions. This theme was continued
by Shepperd45 in 1985. Another variation can be seen in the work
of Glandorf,46 who actually inverted a fundamentalmatrix solution
of the adjoint system to � nd a closed-form state transition matrix
for generalKeplerianorbits.An improvementby Markley47 in 1986
avoids the direct inversionof a matrix in the determinationof a state
transitionmatrix.Recently,Der48 and Der and Danchick49 combined
these ideas� ndingstate transitionmatricesusinguniversalfunctions
without invertinga matrix. In 1965,Gobetz50 linearizedwith respect
to the orbital elements in one of the earliest studies of power-limited
rendezvous near an elliptical orbit. Edelbaum’s report51 in 1969
uses this model. Lancaster,52 Berreen and Sved,53 Hestenes,54 and
recently Garrison et al.55 used linearization with respect to orbital
elements to examine relative motion of particles in elliptic orbits.
References to work by Marec and others can be found in Marec’s
book.56

3. Tschauner–Hempel Equations
A very convenient set of linearized equations that describes the

motionof a spacecraftnear a satellite in an arbitraryellipticorbit rel-
ative to a rotatingorthogonalcoordinateframe� xed in the satellite is
the Tschauner–Hempel equations. These generalize the Clohessy–

Wiltshire equations and are similar to them in their derivation and
types of applications. They were � rst presented by DeVries57 in
1963 from the viewpoint of two particles in close elliptical or-
bits. In this work he only found approximate solutions to these
differential equations for low-eccentricity elliptical orbits. In 1965
Tschauner and Hempel58 derived these equations from the view-
point of rendezvous of a spacecraft with an object in an elliptical
orbit. They found complete solutions for elliptical orbits in terms of
the eccentric anomaly. This was followed by additional papers by
Tschauner.59;60 Actually these equations were known by Lawden.61

They areEqs. (5.30–5.32) in hisbook,61 but theydescribethe primer
vector instead of the spacecraft. It happens that the same differen-
tial equations describe the primer vector and the unpowered lin-
earized equations of motion of the spacecraft. This can be seen
from Eq. (5.8) of his book, but is found also in his earlier work,
e.g., Ref. 62, Eq. (6). In 1966 Shulman and Scott63 and in 1967
Euler and Shulman64 presented some numerical studies on the ac-
curacy of solutions of the Tschauner–Hempel equations. Then in
1969, Euler65 produced the � rst study of variable exhaust-velocity,
power-limited rendezvous utilizing the Tschauner–Hempel equa-
tions. In 1981 Weiss66 found a form of fundamentalmatrix solution
of the Tschauner–Hempel equationsfor ellipticorbits in terms of the
eccentricanomaly that also applies to circular orbits.This work was
applied by Wolfsberger et al.67 to the case of rendezvous with ob-
jects in highly eccentric elliptical orbits. Carter and Humi68 studied
these equationsfor generalnoncircularKeplerianorbits and showed
that the constant exhaust-velocitybounded-thrust fuel-optimal ren-
dezvousproblemhas no singular solutions.Later, Carter69 took into
account the variation in mass of the spacecraft as fuel is expended.
Solutions of the Tschauner–Hempel equations not written using the
eccentric anomaly involved the use of an integral

I D
Z

dµ

sin2 µ.1 C e cos µ/2

introducedby Lawden62 in 1954. This integral consistentlyappears
in Lawden’s work70 and can be found as recently as 1993. The
integral is singular wherever the true anomaly µ is a multiple of ¼ .
These singularitieswere removed by Carter,71 who instead used the
integral

J D
Z

cos µ dµ

.1 C e cos µ/3

Closed-form evaluation of this integral is best performed using the
eccentricanomaly for ellipticalorbits or the hyperbolicanomaly for
hyperbolic orbits. Van der Ha and Mugellesi72 presented a deriva-
tion of the Tschauner–Hempel equations, but their study of con-
stant radial or circumferentialthrust was restricted to the Clohessy–

Wiltshire equations. Carter and Brient73¡75 studied both bounded-
thrust constant exhaust-velocityand impulsive optimal rendezvous
problems for a range of eccentricities including both elliptical and
hyperbolic orbits using the Tschauner–Hempel equations. Some
unusual effects were found for elliptic orbits with eccentricities
near unity.75 An idealizedoptimal hyperbolic impulsive rendezvous
problem was formulated and solved in closed form by considering
the limit of certain forms of solution of the Tschauner–Hempel
equations as the eccentricity approaches in� nity.76
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4. Brumberg–Kelley Equations
Another type of linearization similar to that of Tschauner and

Hempel was used by Kelley77 basedon an approachby Brumberg.78

Other references are cited by Kelley.77 The Brumberg–Kelley lin-
earization differs from the Tschauner–Hempel linearization in two
respects. First, time is retained as the independent variable rather
than true anomaly. Second, the coordinate axes are not orthogonal,
but one axis is directed along the tangent to the orbit and the other
along a radial direction from the center of attraction. The resulting
equationsare not expressed as succinctly as the Tschauner–Hempel
equations, but Kelley presents a state transition matrix for elliptical
orbits in terms of time and eccentricanomaly.There does not appear
to be as much care required in the avoidance of singularities in the
solution as in the case of the Tschauner–Hempel equations.

F. General Linear Equations
All of the aforementionedlinear models can be thought of as spe-

cial cases of a general linear system of equations. Various types of
fuel-optimal rendezvous problems have been studied using a gen-
eral linear model. Neustadt79;80 was one of the � rst to present results
on general linear models. He showed rigorously that the impulsive
problem is the limit of the bounded-thrustproblemas the bound be-
comes arbitrarilylarge.He was also the � rst to show that the solution
of the optimal impulsive problem in n-dimensional state space re-
quires at most n impulses. Simpler and different ways to show this
result have been found by Stern and Potter,81 Carter and Brient,75

and Prussing.82 Optimal power-limited rendezvousof general linear
systemswith boundson thrustmagnitudehas been studiedby Carter
and Pardis.36¡38

Humi’s paper83 in 1993 presents linear equations of motion of
a spacecraft near a satellite in a general central force � eld and es-
tablishes much of the impetus for the present work. The generality
of these equations and a method of � nding the form of the general
solution that was employed by Hill1 in 1874 lead to a simple and
revealing form of the state transition matrix that is especially useful
for the Tschauner–Hempel linearization.

III. Rendezvous Equations in a General
Central Force Field

Let the vector x D .x1; x2; x3/T represent the position of a space-
craft relative to a satellite in a rotating coordinate frame � xed in the
satellite where the superscript T refers to the transpose of a vector
or matrix, and let µ represent the true anomaly of the satellite. In
any central force � eld the law of conservationof angularmomentum
holds:

! D Pµ D L=R2 (1)

where the dot represents differentiationwith respect to time t , R is
the distance of the satellite from the center of the force � eld, and L
is the constant angular momentum of the satellite. A succinct set of
linearized equations can be obtained from the transformation to the
new vector

y D !
1
2 x (2)

These equations, obtained by Humi,83 are as follows:

y 00
1 D 2y 0

2 C !
3
2 T1

¯
m (3a)

y 00
2 ¡ G.!/y2 C 2y 0

1 D !
3
2 T2

¯
m (3b)

y 00
3 C y3 D !

3
2 T3

¯
m (3c)

where the prime indicates differentiationwith respect to µ , m is the
mass of the spacecraft,T D .T1; T2; T3/

T is the thrust vector of the
spacecraft, and

G.!/ D ¡dÃ.R/

dR

R

!2
(4)

where Ã is the central force law. [For a Newtonian force � eld
Ã.R/ D ¹=R3 where ¹ is the universalgravitationalconstant times
the mass of the center of attraction.]

The independent variable t has been replaced by µ in Eqs. (3).
For this reason R is regarded as a function of µ . fIn the well-known
case of a Newtonian force � eld, R.µ/ D L2=[¹.1 C e cosµ/].g In
general, Eq. (1) becomes

!.µ/ D L=R.µ/2 (5)

so that the dependenceon µ is also re� ected in Eq. (4). Speci� cally
Eqs. (3) become

y 00
1 ¡ 2y0

2 D u1.µ/ (6a)

y 00
2 ¡ G[!.µ/]y2 C 2y0

1 D u2.µ / (6b)

y 00
3 C y3 D u3.µ / (6c)

where

u.µ/ D [u1.µ/; u2.µ /; u3.µ/]T D !.µ/
3
2 T.µ/

¯
m.µ/ (7)

By letting v.µ/ D [v1.µ /; v2.µ/; v3.µ/]T D y0.µ/, Eqs. (6) can be
put in the following state variable form:

0

BBBBBB@

y1

v1

y2

v2

y3

v3

1

CCCCCCA

0

D

2

6666664

0 1 0 0 0 0

0 0 0 2 0 0

0 0 0 1 0 0

0 ¡2 G[!.µ/] 0 0 0

0 0 0 0 0 1

0 0 0 0 ¡1 0

3

7777775

0

BBBBBB@

y1

v1

y2

v2

y3

v3

1

CCCCCCA

C

2

6666664

0 0 0

1 0 0

0 0 0

0 1 0

0 0 0

0 0 1

3

7777775

0

@
u1.µ/

u2.µ/

u3.µ/

1

A (8)

This is of the general form

z0 D A.µ/z C Bu.µ/ (9)

having a well-known solution of the form

z.µ/ D 8.µ/8.µ0/
¡1z.µ0/ C 8.µ/

Z µ

µ0

8.¿/¡1 Bu.¿/ d¿ (10)

where 8.µ/ is a fundamental matrix solution associated with
A.µ /; 8.µ/¡1 is its inverse, and 8.µ/8.µ0/¡1 is the state transition
matrix associated with A.µ/. On an unpowered interval in which
u.µ/ D 0, we have

z.µ/ D 8.µ/8.µ0/
¡1z.µ0/ (11)

The goal is to presentthe state transitionmatrix in a convenientform.
From z.µ/ one easily obtains y.µ/ and y0.µ/. The actual position of
the spacecraft relative to the satellite is found from Eq. (2):

x.µ/ D [!.µ/]¡ 1
2 y.µ/ (12)

To begin this task, the notation S.’/ will be used for any anti-
derivative of a function ’ of µ . In applications one may prefer the
form

S[’.µ/] D
Z

µ

µ0

’.¿ / d¿ (13)

although all of the results are valid if any constant is added to this
expression.

In terms of this notation Eq. (6a) can be written as

y 0
1 ¡ 2y2 D S.u1/ C c3 (14)
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where c3 is an arbitraryconstantof integration.Substituting y0
1 from

Eq. (14) into Eq. (6b) results in the second-orderdifferential equa-
tion

y00
2 C f4 ¡ G[!.µ /]gy2 D ¡2S[u1.µ/] C u2.µ/ ¡ 2c3 (15)

Analysis and solution of the system (6) reduces basically to that of
Eq. (15) because Eq. (14) is of � rst order and Eq. (6c) represents
a forced harmonic oscillator. During unpowered � ight, this out-of-
plane motion is decoupled from the system.

IV. General Solution of the Linear Second-Order
Differential Equation Without a Term Involving

the First Derivative
This section considers the second-orderdifferential equation

y00 C F.µ/y D f .µ / (16)

where F is continuous and f is piecewise continuous on a real
closed interval µ0 · µ · µ f . The results obtained can also be found
underweaker assumptions if one is inclined to generalize.The work
presented is an elaboration of some of the ideas presented by Hill1

in 1874.
If ’1 and ’2 are any two linearly independent solutions of the

homogeneous differential equation

y00 C F.µ/y D 0 (17)

then the Wronskian of ’1 and ’2, de� ned as ’1’ 0
2 ¡ ’2’ 0

1, is clearly
a constant on µ0 · µ · µ f because .’1’0

2 ¡ ’2’ 0
1/

0 D ’1’
00
2 ¡

’2’ 00
1 D ¡F’1’2CF’1’2 D 0. Because’1 and ’2 can be multiplied

by arbitrary nonzero constants, it is possible to normalize these
constants so that

’1.µ/’ 0
2.µ/ ¡ ’2.µ /’0

1.µ/ D 1; µ0 · µ · µ f (18)

Henceforth, ’1 and ’2 represent linearly independent solutions of
Eq. (17) satisfying Eq. (18).

Consider now a function, reminiscent of the Wronskian but de-
pendent on f , that is de� ned as follows:

w. f / D S.’1 f /’2 ¡ S.’2 f /’1 (19)

Observe that

dw. f /

dµ
D S.’1 f /’ 0

2 ¡ S.’2 f /’ 0
1 (20)

d2w. f /

dµ 2
D S.’1 f /’ 00

2 ¡ S.’2 f /’ 00
1 C f (21)

This leads to the following basic result.
Theorem: Let ’1 and ’2 be linearly independentsolutions of Eq.

(17) satisfying Eq. (18), and let w. f / be de� ned by Eq. (19); then
the complete solution of Eq. (16) is given by c1’1 C c2’2 C w. f /,
where c1 and c2 are arbitrary constants.

Proof: This follows from substitutingthe expressioninto Eq. (16)
utilizing Eqs. (18–21).

V. Fundamental Matrix Solution
The precedingtheoremwill be applied to � nd a completesolution

of Eq. (6). Equation (6c) can be disposed of immediately because
its complete solution is

y3 D c5 cos µ C c6 sin µ C S[cosµu3.µ/] sin µ ¡ S[sin µu3.µ/] cosµ
(22)

The theorem is then applied to Eq. (15) where

F.µ / D 4 ¡ G[!.µ/] (23)

f .µ/ D ¡2S[u1.µ/] C u2.µ/ ¡ 2c3 (24)

After some manipulation, the complete solution of Eq. (15) can be
written as

y2 D c1’1 C c2’2 C c3’3 C w.g/ (25)

where

’3 D 2[’1 S.’2/ ¡ ’2 S.’1/] (26)

and

g D u2 ¡ 2S.u1/ (27)

Substituting Eq. (25) into Eq. (14) and integrating, the complete
solution of Eq. (14) is

y1 D 2c1S.’1/ C 2c2 S.’2/ C c3S.2’3 C 1/

C S[2w.g/ C S.u1/] C c4 (28)

where c4 is another arbitrary constant of integration.
Differentiating Eqs. (28), (25), and (22), respectively, one ob-

tains

y0
1.µ/ D 2c1’1.µ/ C 2c2’2.µ/ C c3[2’3.µ/ C 1]

C 2w[g.µ/] C S[u1.µ/] (29a)

y 0
2.µ/ D c1’

0
1.µ/ C c2’0

2.µ/ C c3’ 0
3.µ / C dw[g.µ/]

dµ
(29b)

y0
3.µ/ D ¡c5 sin µ C c6 cosµ C S[cos µu3.µ/] cos µ

C S[sin µu3.µ/] sin µ (29c)

Letting z D .y1; y 0
1; y2; y 0

2; y3; y0
3/

T and c D .c1, c2 , c3, c4 , c5, c6/T ,
the relevant equations are put in the form

z D 8 c C r.u/ (30)

where

8 D

2

6666664

2S.’1/ 2S.’2/ S.2’3 C 1/ 1 0 0

2’1 2’2 2’3 C 1 0 0 0

’1 ’2 ’3 0 0 0

’0
1 ’ 0

2 ’ 0
3 0 0 0

0 0 0 0 cos sin

0 0 0 0 ¡sin cos

3

7777775
(31)

and

r.u/ D

2

6666666664

S[2w.g/ C S.u1/]

2w.g/ C S.u1/

w.g/

dw.g/

dµ

S.u3 cos/ sin ¡ S.u3 sin/ cos

S.u3 cos/ cos C S.u3 sin/ sin

3

7777777775

(32)

Expression (31) is a fundamentalmatrix solution associatedwith
Eq. (9). Its simplicity is appealing.The constants in Eq. (32) should
be chosen so that r[u.µ0/] D 0. For this reason z.µ0/ D 8.µ0/c, and
one can write Eq. (30) as

z.µ/ D 8.µ/8.µ0/
¡1z.µ0/ C r[u.µ/] (33)

One can use this fundamentalmatrix 8 in eitherEq. (10) orEq. (33).
One must invert the matrix 8.µ/ and evaluate this inverse at µ0 to
have the state transition matrix 8.µ/8.µ0/

¡1.

VI. Formation of the State Transition Matrix
A. Some Identities

The normalized Wronskian (18) can be viewed as an identity in
’1 and ’2 . Two other useful identities are the following:

2S.’1/ C ’1’ 0
3 ¡ ’3’

0
1 D 0 (34a)

2S.’2/ C ’2’ 0
3 ¡ ’3’

0
2 D 0 (34b)

These can be justi� ed by substituting the expression for ’3 in
Eq. (26) and its derivative into the left-hand sides of Eqs. (34),
simplifying, and applying the identity (18).
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B. Adjoint System
Associated with the original system (9) is the adjoint system

¸0 D ¡A.µ/T ¸ (35)

It is useful to introduce the adjoint system and to � nd a fundamental
matrix solution associated with it to apply the following known
result.

Theorem: If 8.µ/ is any fundamentalmatrix solution associated
with the original system (9) and 9.µ/ is any fundamental matrix
solution associated with the adjoint system (35), then 9.µ /T 8.µ/
is a constant matrix.

Proof:

[9.µ/T 8.µ/]0 D 9 0.µ/T 8.µ/ C 9.µ/T 80.µ /

D ¡[A.µ/T 9.µ/]T 8.µ/ C 9.µ/T A.µ/8.µ/ D 0

In detail, the adjoint equations are

¸0
1 D 0 (36a)

¸0
2 D ¡¸1 C 2¸4 (36b)

¸0
3 D ¡G[!.µ/]¸4 (36c)

¸0
4 D ¡2¸2 ¡ ¸3 (36d)

¸0
5 D ¸6 (36e)

¸0
6 D ¡¸5 (36f)

These equations can be combined to produce

¸00
2 ¡ 2¸0

4 D 0 (37a)

¸00
4 ¡ G[!.µ /]¸4 C 2¸0

2 D 0 (37b)

¸00
6 C ¸6 D 0 (37c)

which are analogous to the homogeneous form of Eqs. (6). The
analogous solutions are, therefore,

¸2 D 2c1S.’1/ C 2c2S.’2/ C c3 S.2’3 C 1/ C c4 (38a)

¸4 D c1’1 C c2’2 C c3’3 (38b)

¸6 D c5 cos C c6 sin (38c)

and ¸1; ¸3 , and ¸5 are found from Eqs. (36b), (36d), and (36f),
respectively.A fundamental matrix solution is, therefore,

9 D

2

6666664

0 0 ¡1 0 0 0

2S.’1/ 2S.’2/ S.2’3 C 1/ 1 0 0

¡[4S.’1/ C ’ 0
1] ¡[4S.’2/ C ’ 0

2] ¡[2S.2’3 C 1/ C ’ 0
3] ¡2 0 0

’1 ’2 ’3 0 0 0

0 0 0 0 sin ¡cos

0 0 0 0 cos sin

3

7777775
(39)

C. State Transition Matrix
According to the preceding theorem 9.µ /T 8.µ/ D C where C is

a constant matrix. Performing this multiplication and simplifying
through the use of the identities (18) and (34), one obtains

C D

2

6666664

0 1 0 0 0 0

¡1 0 0 0 0 0

0 0 0 ¡1 0 0

0 0 1 0 0 0

0 0 0 0 0 1

0 0 0 0 ¡1 0

3

7777775
(40)

This matrix is orthogonal, and so C ¡1 D C T , consequently,

8.µ/¡1 D CT 9.µ/T (41)

Performing this multiplication,one � nds that

8¡1 D

2

6666664

0 ¡2S.’2/ 4S.’2/ C ’ 0
2 ¡’2 0 0

0 2S.’2/ ¡[4S.’1/ C ’ 0
1] ’1 0 0

0 1 ¡2 0 0 0

1 ¡S.2’3 C 1/ 2S.2’3 C 1/ C ’ 0
3 ¡’3 0 0

0 0 0 0 cos ¡sin

0 0 0 0 sin cos

3

7777775

(42)

This expressionis readilycheckedbymultiplyingEqs. (31) and (42).
There is no further need of matrix inversion. The goal has been ac-
complished.The state transition matrix 8.µ/8.µ0/¡1 is completely
determined.

VII. Linearized Rendezvous Near Keplerian Orbit
in a Newtonian Gravitational Field

The work is now applied to the problem of linearizedrendezvous
near a Keplerian orbit in an inverse-square law gravitational � eld
using the Tschauner–Hempel equations.

A. State Transition Matrix for the Tschauner–Hempel Equations
Because the goal is to � nd speci� c functions ’1; ’2, and ’3 for

the aforementionedstate transition matrix, it is suf� cient to assume
unpowered � ight, i.e., u.µ / D 0 identically. For this reason the so-
lutions (28), (25), and (22) describing the state variables become

y1.µ/ D 2c1S[’1.µ/] C 2c2 S[’2.µ/] C c3S[2’3.µ/ C 1] C c4

(43a)

y2.µ/ D c1’1.µ/ C c2’2.µ/ C c3’3.µ/ (43b)

y3.µ/ D c5 cos µ C c6 sin µ (43c)

The Tschauner–Hempel equations are a special case of Eqs. (6)
where

G[!.µ/] D 3=.1 C e cos µ/ (44)

and e denotes the eccentricity of the Keplerian orbit of the satellite.
Assuming u.µ/ D 0 identically, integratingEq. (6a), denoting the

constant of integration as c3 , substituting for y0
1 , and inserting ex-

pression (44), the differentialEq. (6b) becomes

y 00
2 C 1 C 4e cos µ

1 C e cosµ
y2 D ¡2c3 (45)

This differential equation was solved for e < 1 by Tschauner and
Hempel,58 Tschauner,60 Shulman and Scott,63 and Weiss66 in terms
of the eccentricanomaly.Care shouldbe taken to avoid singularities
if one wants to have the solutions written in terms of µ . Lawden61

and Carter and Humi68 found that

’1.µ/ D ½.µ/ sin µ (46)

is a solutionof thehomogeneousformofEq. (45),where thenotation

½.µ/ D 1 C e cos µ (47)

is used for brevity. By reduction of order a second solution of the
form

’2.µ/ D ’1.µ/I .µ/ (48)
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can be found in terms of the expression

I .µ/ D Sf1=[½.µ / sin µ ]2g (49)

This integral was used by Lawden62;70 as early as 1954 and as re-
cently as 1993. Unfortunately the integral I .µ/ is singular at zero
and integral multiples of ¼ . Carter71 removed the singularities by
using an alternative solution:

’2.µ / D 2e½.µ/ sin.µ/J .µ/ ¡ cos µ=½.µ/ (50)

that is written in terms of a new integral:

J .µ/ D S[cos µ=½.µ/3] (51)

De� ning ’1 and ’2 by Eqs. (46) and (50), respectively, it is straight-
forward to show that condition (18) is satis� ed. If one selects the
antiderivatives

S[’1.µ/] D ¡cos µ ¡ .e=2/ cos2 µ (52)

S[’2.µ /] D ¡½.µ/2 J .µ / (53)

then from Eq. (26) one obtains

’3.µ/ D ¡2½.µ / sin µ J .µ/ ¡ cos2 µ=½.µ/ ¡ cos2 µ (54)

The general solution (43b) of the differentialequation (45) is, there-
fore, given through Eqs. (46), (50), and (54). The solution (43c) for
y3 is unaffected by any of these expressions.

Now that the general solutions for y2 and y3 have been found,
it remains to � nd the general solution for y1 . Straightforward anti-
differentiation of Eq. (54) leads to the following crucial term of
Eq. (43a),

S[2’3.µ/ C 1] D .2=e/[½.µ/2 J .µ/ ¡ sin µ ] ¡ sin µ cosµ (55)

This expression does not apply for circular orbits because of the
troublesomeappearanceof e in the denominator.This annoyance is
typical in the Tschauner–Hempel problem.

To avoid the singularity at e D 0, the new antiderivative J .µ/ is
replaced by a newer antiderivative:

K .µ/ D S[sin2 µ=½.µ/4] (56)

through the substitution

J .µ/ D sin µ=½.µ/3 ¡ 3eK .µ/ (57)

In this manner Eq. (55) can be replaced by

S[2’3.µ/ C 1] D ¡6½.µ/2 K .µ/ ¡ sin µ cos µ ¡ 2 sin µ cos µ=½.µ/

(58)

which is continuous at e D 0. The preferred form of Eq. (43a) em-
ploys Eqs. (52), (53), (57), and (58). In this manner a complete solu-
tion of the Tschauner–Hempel equationshas been found in terms of
the expression K .µ / that is usable for circular, elliptical, parabolic,
or hyperbolic orbits.

For convenience, the aforementioned results are summarized in
terms of K .µ / as follows:

’1.µ/ D ½.µ / sin µ; ’ 0
1.µ / D cosµ C e.cos2 µ ¡ sin2 µ /

’2.µ/ D ¡6e2’1.µ/K .µ/ C 2e sin2 µ=½.µ/2 ¡ cos µ=½.µ/

’ 0
2.µ/ D ¡6e2’ 0

1.µ/K .µ/ C 2e sin µ.2 cos µ

¡ 3e sin2 µ C 2e/=½.µ/3 C sin µ=½.µ /2

’3.µ / D 6e’1.µ/K .µ/ ¡ 2 sin2 µ=½.µ/2 ¡ cos2 µ=½.µ/ ¡ cos2 µ

’ 0
3.µ/ D 6e’ 0

1.µ/K .µ/ C 6e sin3 µ=½.µ/3

¡ 4 sin µ.e C cosµ/=½.µ/3 C sin µ cos µ.2 C e cos µ/½.µ/2

C 2 sin µ cos µ

S[’1.µ/] D ¡cos µ [1 C .e=2/ cosµ ]

S[’2.µ /] D 3e½.µ/2 K .µ/ ¡ sin µ=½.µ/

S[2’3.µ / C 1] D ¡6½.µ /2K .µ / ¡ 2 sin µ cosµ=½.µ/ ¡ sin µ cos µ

(59)

Substitutionof these expressions into Eqs. (31) and (42) de� nes the
Tschauner–Hempel state transition matrix. For unpowered � ight,
the transition from the state z.µ0/ to z.µ/ is accomplished by

z.µ/ D 8.µ/8.µ0/
¡1z.µ0/ (60)

From the state vector z.µ/ one � nds y.µ/ and y0.µ/ in terms of y.µ0/
and y0.µ0/. The odd entries of z.µ/ comprise the vector y.µ/ and the
even entries comprise the vector y0.µ /. It is important to remember
to transfer back to the actual relative position vector x.µ/ via Eq.
(12). The actual relative velocity is then

dx[µ.t/]

dt
D x0.µ/!.µ/ (61)

Performing the operations and simplifying, the actual relative posi-
tion and velocity, respectively,are given as follows:

x.µ/ D
¡
L

3
2

¯
¹

¢
[ y.µ/=½.µ/] (62)

dx[µ.t/]

dt
D ¹

L
3
2

[e sin µ y.µ/ C ½.µ/y0.µ/] (63)

B. Evaluation of K(µ)
This form of solution of the Tschauner–Hempel equations and

state transitionmatrix are dependenton the integral K .µ/. The most
practical and � exible approach to the evaluation of K .µ/ in ac-
tual problems is probably direct numerical integration because the
closed-form solutions vary with the type of orbit of the satellite.

For circular orbits, e D 0 and

K .µ/ D S.sin2 µ / D 1
2 .µ ¡ sinµ cos µ/ (64)

For parabolic orbits, e D 1 and

K .µ/ D S[sin2 µ=.1 C cos µ/4] D 1
4
S[tan2.µ=2/]

D 1
2
[tan.µ=2/ ¡ .µ=2/] (65)

This expression is simpler than the corresponding result for the
integral J .µ/ (Ref. 71).

If 0 < e < 1, the orbit is ellipticaland the closed-formevaluation
of K .µ/ is cumbersome. If one transforms the variable µ to the
eccentric anomaly E by the relationship

cos µ D cos E ¡ e

1 ¡ e cos E
(66)

where sin µ and sin E have the same algebraic sign, the integral
simpli� es to

K .µ/ D .1 ¡ e2/¡ 5
2 S[sin2 E.1 ¡ e cos E /] (67)

where the integration is performed with respect to E instead of µ .
This integral is easily evaluated in closed form

K .µ/ D .1 ¡ e2/¡ 5
2

£
1
2
E ¡ 1

2 sin E cos E ¡ .e=3/ sin3 E
¤

(68)

Similarly, if e > 1, the orbit is hyperbolic and one can trans-
form from the true anomaly µ to the hyperbolic anomaly H by the
relationship

cos µ D
e ¡ cosh H

e cosh H ¡ 1
(69)

where sin µ and sin H have the same algebraic sign. This leads to
the integral

K .µ/ D .e2 ¡ 1/¡ 5
2 S[sinh2 H .e cosh H ¡ 1/] (70)
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which is also easily evaluated:

K .µ/ D .e2 ¡ 1/¡ 5
2

¡
1
2

H ¡ 1
2

sinh H cosh H C .e=3/ sinh3 H
¢

(71)

Any constant can be added to each of the expressions (64), (65),
(68), and (71). None of these expressions is cumbersome.

VIII. Conclusions
Much work has been done by many researchers in the deriva-

tion and solution of various linearized rendezvous equations and
in the formation of a subsequent state transition matrix. This paper
presents the structure of solutionof a generalizedlinear rendezvous
problem, valid in any central force � eld including the Newtonian
� eld, and uses this structure to establish a general state transition
matrix without unnecessarycomplexity.These results were applied
to the problem of rendezvous of a spacecraft with a satellite in an
arbitrary Keplerian orbit using the Tschauner–Hempel equations.
The solution of this problem and the related state transition matrix
are concise, devoid of singularities, and more � exible than earlier
forms found in the literature. Other applications are possible, the
most obvious being the inclusion of oblateness effects of the planet
on its gravitational � eld attracting the satellite.
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